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Abstract. We construct several new classes of transcendental entire func- 
tions, /, such that both the escaping set, /(/), and the fast escaping set, 
A{f), have a structure known as a spider's web. We show that some of these 
classes have a degree of stability under changes in the function. We show that 
new examples of functions for which /(/) and A{f) are spiders' webs can be 
constructed by composition, by differentiation, and by integration of existing 
examples. We use a property of spiders' webs to give new results concerning 
functions with no unbounded Fatou components. 



1. Introduction 

Let / : C — > C be a transcendental entire function, and denote by n E N, 
the nth iterate of /. The Fatou set F{f) is defined as the set of points z € C such 
that (/")„gN forms a normal family in a neighborhood of z. The Julia set J{f) 
is the complement of F{f). An introduction to the properties of these sets can be 
found in [6|. 

This paper concerns the escaping set I{f) and the fast escaping set A{f), in- 
troduced respectively by Eremenko |10j . and Bergweiler and Hinkkanen [Tj. These 
sets are defined as follows: 

/(/) — {z : ,f^{z) — > cxD as n — > oo}, 

and 

A{f) = {z : there exists L € N such that > /), for n G N}; 

see [in] for this form of the definition of A{f). Here, 

M(r,/) = max |/(z)|, for r > 0, 

\z\=r 

M'"-{r, f) denotes repeated iteration of M{r, f) with respect to the variable r, and 
R> can be taken to be any value such that M{r, /) > r for r > R. For simplicity, 
we only write down this restriction on R in formal statements of results - elsewhere 
this should be assumed to be true. 

Rippon and Stallard [19 gave a detailed account of many properties of A{f). 
Their arguments were frequently based on properties of the set 

Anif) = {z : |r(z)| > A/"(i?,/), for n e N}. 

In particular they showed that A_r(/), and /(/) can have a structure known 
as a spider's web, and that if is a spider's web then so are A{f) and /(/). 

They defined a spider's web as follows: 
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Definition. A set E is an (infinite) spider's web if E is connected and there exists 
a sequence (G„)„gN of bounded simply connected domains with Gn C G„+i, for 
n e N, dGn C E, for n e N, and U„eNG„ = C. 

Functions for which Aii{f) is a spider's web have a number of strong dynamical 
properties. For example, if Aji(f) is a spider's web then / has no unbounded Fatou 
components [121 Theorem 1.5(b)] and A{fy has uncountably many components 
pn Theorem 1.2]. Hence, it is desirable to determine those functions for which 
Afj{f) is a spider's web, and in [19l Section 8] several classes of such functions were 
given. A further class was given by Mihaljevic-Brandt and Peter [16]. 

In this paper we give additional classes of examples. First, in Section [21 we 
prove several new results concerning regular growth conditions, which we use in 
later sections. These results may also be of independent interest. 

In Section [3l we demonstrate a technique for constructing new transcendental 
entire functions for which Afi{f) is a spider's web by taking finite compositions of 
functions that satisfy a minimum modulus condition and a regularity condition. 

In SectionlH we show that in certain circumstances when A]i{f) is a spider's web, 
then so is Aj^{P{f{Q{z)), z)), where P, Q are polynomials, and so also is Aii{f + h), 
where the entire function h has smaller growth, in some sense, than /. These results 
allow us to construct a large class of functions for which Aii{f) is a spider's web. 
They also show that the property of having an Afi{f) spider's web can be stable 
under changes in /, unlike many other dynamical properties. 

In Section [SI we establish a technique for constructing a large class of tran- 
scendental entire functions of finite order for which Aji{f) is a spider's web, by 
modifying the power series of a transcendental entire function of finite order. This 
technique is a generalisation of the method used to construct some of the examples 
in [19] . We show that this class of examples can be extended by differentiation or in- 
tegration. By combining the results of Sections [S] [H and [3 we give an unexpectedly 
simple function for which Ai^(f) is a spider's web. 

In Section |6l we present a technique for constructing new transcendental entire 
functions, of infinite order and with large gaps in their power series, for which 
Aii{f) is a spider's web. 

Finally, in Section [T] we relate our results to previous work on classes of tran- 
scendental entire functions which have no unbounded Fatou components. 

Throughout the paper we use the following three facts about the maximum 
modulus function M{r, /) of a transcendental entire function /. The first two are 
well known, and the third is given in [20i Lemma 2.2]: 



(1) 



logr 



— >■ oo as r — >■ cx), 



(2) 



if fc > 1 then 



MjkrJ) 
Mir, /) 



— > CX) as r oo 



and there exists R > such that 



(3) 



) Mir", /) > M{r, ff, for r > R, c> 1. 

We also use the minimum modulus function defined by 
) m{r, f) — min |/(2;)|, for r > 0. 

\z\=r 



(4) 
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Finally we use the following notation for a disc 

B{zo, r) — {z : \z — zq\ < r}, for 2:0 G C, r > 0. 

2. New results on regularity 

In this section we set out conditions which ensure that Aif{f) is a spider's web. 
Many of these conditions require some form of regularity of growth. We prove 
several new results concerning forms of regularity of growth, which enable us to 
construct examples of functions with an Aji{f) spider's web later in the paper. 

A pair of conditions that are together necessary and sufficient for Aji{f) to be a 
spider's web were obtained in [19, Theorem 8.1]. 

Theorem 2.1. Let f be a transcendental entire function and let R > be such 
that M{r, f) > r for r > R. Then Aii{f) is a spider's web if and only if there exists 
a sequence (G'„)„>o of bounded simply connected domains such that, for all n > 0, 

(5) G„Di?(0,M"(i?,/)) 
and 

(6) Gn+i is contained in a bounded component o/C\/(9G'„). 

This result is very general, and so, in order to construct examples, the following, 
more readily applicable, sufficient conditions for Ajj^f) to be a spider's web were 
established in [1^1 Corollary 8.3]. 

Lemma 2.1. Let f be a transcendental entire function and let R > be such that 
M{r, f)>r for r > R. Then A]i{f) is a spider's web if for some m > 1, 

(a) there exists Rq > such that, for all r > Rq, 

(7) there exists p G (r, r™) with m{p, f) > M{r, /), and 

(b) f has regular growth in the sense that there exists a sequence (r„)„>o with 

(8) r„ > /) and M{r„, f) > C+i, for n>0. 

We use the following condition, which is stronger than the regularity condition 
of Lemma [2.1f b). in order to construct a new class of functions with an Afj{f) 
spider's web. 

Definition. A transcendental entire function / is ip-regular if, for each m > 1, there 
exist an increasing function ipm and Rm > such that, for all r > i?™, 

(9) VmW>^ and M{^^{r),f)>{ij,n{M{r,f))r. 
For given m > 1 we call ipm a regularity function for /. 

This condition is slightly stronger than one used in [201 Theorem 5] in connection 
with transcendental entire functions with no unbounded Fatou components. That 
version did not require the regularity function to be increasing. However, all the 
regularity functions used in [191 [23 are, in fact, increasing. It was shown in [191 
Section 8] that if / is V'- regular, then it satisfies Lemma lOT b) for all to > 1. 

We also use the following condition, which is stronger than -^-regularity, in order 
to construct several classes of functions with an Aii{f) spider's web. 
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Definition. Let c > 0. A transcendental entire function / is log-regular, with con- 
stant c, if the function (j>{t) — log Af(e*, /) satisfies 



This condition was used by Anderson and Hinkkanen in Theorem 2], also 
in connection with transcendental entire functions with no unbounded Fatou com- 
ponents. The name log-regular was suggested by Aimo Hinkkanen in a private 
communication. The condition was also used in [191 Section 8] in order to con- 
struct classes of functions with an Aij{f) spider's web. 

In [201 Section 7] it was shown that if / is log-regular with constant c, then, for all 

m > 1, / is ■0-regular with regularity function ipmir) — r™ ' ] see also Lemma 
below. Hence if / is log- regular, then it satisfies Lemma HHJb) for all m > 1. 

We now state three new results concerning i/j-regularity and log-regularity. The 
first concerns the composition of i/j-regular functions. 

Theorem 2.2. Let fi, f2, ■ ■ ■ , fk be transcendental entire functions. Suppose that, 
for all j G {1, 2, . . . , k}, fj is ip-regular, with regularity function ipm for m > 1. Let 
9 = /i ° /2 ° • • • o /fe- Then, for any c > 1, g is ij]-regular with regularity function 
ctpm for m > 1 . 

In particular it follows that i/'-regularity is preserved under iteration. 

Corollary 2.1. // / is a -ip-regular transcendental entire function, then so is /" 
for all n eN. 

The second result relates to the composition of entire functions, one of which is 
log-regular. 

Theorem 2.3. Let /i,/2, ■.-,/& be non-constant entire functions such that, for 
some j e {1, 2, . . . , k}, fj is a log-regular transcendental entire function. Let g = 
/i o /2 ° • • ■ ° //c- Then g is log-regular. 

In particular it follows that log-regularity is preserved under iteration. 

Corollary 2.2. Lf f is a log-regular transcendental entire function, then so is /" 
for all n e N. 

Note that Theorem 12.21 requires all functions to be i/j-regular transcendental 
entire functions, whereas Theorem 12.31 requires just one to be a log-regular tran- 
scendental entire function and the others only to be entire. 

The third result shows that if / is log-regular, then so is any transcendental 
entire function with similar growth. 

Theorem 2.4. Let f and g be transcendental entire functions. Lf f is log-regular 
and there exist ai, 02 > 1 and Rq > .such that 



(10) 



^ l + c 



for large t. 



cj)[t) - t 




M{r-'\g)>M{r,f) and M{r''\ f) > M{r, g), for r > Ro, 



We need three preparatory lemmas to prove these results. The first lemma is 
from [18| . and gives a necessary condition and a sufficient condition for / to be 
log-regular. 
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Lemma 2.2. Let f be a transcendental entire function. 

(a) If f is log-regular, with constant c, then there is an Rq > such that, if k > 1 
and d = k'^, then 

(12) A^(r^/)>^f(r,/)''^^ forr>Ro. 

(h) If holds for some d,k > 1 and Rq > 0. then f is log-regular. 

The second lemma comes from Wiman-Valiron theory, (see, for example, ^3]), 
which was first used in connection with the escaping set by Eremenko [TO] . We first 
need to introduce some terminology. Let g{z) — X^i^o '^nz"' be a transcendental 
entire function. Define 

(13) ^lir) = sup |a„|r" = |awk^, r > 0, 

n 

to be the maximal term of the power series, and call N = N{r) the central index; 
if (fT51) holds for several TV, we take N{r) to be the largest of these. Note that N{r) 
is increasing and N{r) — > oo as r — > oo. Wiman-Valiron theory uses fi{r) to give 
results about the behaviour of g near points z(r), r > 0, that satisfy 

(14) |z(r)|=rand|g(z(r))|=M(r,g). 
A key result of Wiman-Valiron theory is the following. 

Lemma 2.3. Suppose that g is a transcendental entire function and a > ^. For 
r > 0, let z(r) be a point satisfying p^P, and define 



Then there exists a set E C (0,oo) with J^^/t dt < oo such that, for r ^ E and 
z e D{r), 

(15) g{z)^^ — j g{z{r)){l + e), 

where e = e{r,z) — )■ uniformly with respect to z as r oo,r ^ E. In particular, 
if r is sufficiently large and r ^ E, then 

(16) g{B{r))^{w:\w\=M{r,g)}. 



We use Lemma l2.3l to prove a result on the behaviour of the maximum modulus 
of the composite of two entire functions. 

Lemma 2.4. Suppose that f is a non-constant entire function and g is a transcen- 
dental entire function. Then, given v > 1, there exist Ro,Ri > such that 

(17) MiiyrJog)>M{Mir,g)J)>M{rJog), for r > Ro, 
and 

(18) M{i,r,gof)>M{MirJ),g)>M{r,gof), for r > R^. 

Proof. We first prove P7|) . Let a > i, and let N{r), E and D{r) be related to g 
as in Lemma [2.31 Note that E has finite logarithmic measure, and N{r) — )■ oo as 
r — !■ oo. Hence, for sufficiently large r, there exists r' e (?', ^^^r)\E, with 

(19) D{r') C 5(0, i^r) and g{D{r')) D {w : \w\ = M{r',g)}. 
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Let w be such that |w| = M{r',g) and = M{M{r' , g), f). Then, by ([T9| . 

there is a z G D{r') with g{z) — w. Hence 

\{fog){z)\^M{M{r',g),f)> M{M{r,g),f). 

The first part of (fTTj) now fohows, by (|19p . The second part of (fTTj) is immediate. 

Equation ()18|) follows in the same way if / is transcendental. Otherwise, suppose 
that / is a polynomial. Then, for sufficiently large r, 

(20) f{B{Q,yr))^{w:\w\^M{r,f)). 

Let w be such that |-!«| = M{r,f) and \g{w)\ = M{M{r,f),g). Then, by there 
is a z € i? (0, z/r) with f{z) = w. Hence 

|(go/)(z)|-M(M(r,/),.g). 

The first part of ([T5)) follows. The second part of ([TS]) is immediate. □ 

In passing, we note a related result discussed by Bergweiler and Hinkkanen [71 
Lemma 1] that, if we also have g{0) = 0, then 

M(6r, fog)> M{M{r, g), /), for r > 0. 

Now we are ready to prove Theorems 12.21 12.31 and 12.41 



Proof of Theorem \2.2\ Suppose that m > 1. We note first a general result. Suppose 
that / is ■(/;- regular with regularity function '(/;„, and let A > 1. Then, for sufficiently 
large r, by Q and dS]), 

(21) M(A^™(r), /) > A™M(V',„(r), /) > (A^„(A/(r, /)))" . 

Hence A-f/'m is also a regularity function for /. 

Now, let a = c^/'^^~^^ > 1. Suppose that k = 2. Then, for sufficiently large r. 



Mia^Pm{r)Ji o /2) > A/(M(V™(r), /a). A) by Lemma 

>M{{4>rn{M{r,f2))r,fi) by® 

> A/(V„(M(r,/2)),/i)™ by® 

>i^PmiM{M{rj2)),fi)r' by® 

> (V'm(Af(r, /i o /2)))"'' since -0™ is increasing 

> (aV™(M(r,/io/2)))". 

Hence g is '(/'-regular with regularity function aipm- Finally, cipm — a^m, since 
k = 2. A similar argument with /i o /2 and /a, both of which are regular with 
regularity function aipm, by (I^TI) . gives the result for fc = 3. The proof follows 
similarly for larger values of fc. □ 

Proof of Theorem \2.3[ It is sufficient to prove the result for k — 2. Suppose then 
that k — 2 and that /2 is log- regular. By Lemma [2?2ja) applied to /2, there are 
k,d > 1 and ri > such that 

(22) M(r^ /2) > M{r, f2f\ for r > n. 
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Choose V such that 1 < v < d, put k' = kv > 1 and d' = ^ > 1. Then, for 
sufficiently large r, 

> M(M(r'=, /a), /i) by Lemma 
>M(M(r,/2)'=^/i) by® 
>M(M(r,/2),/i)'='' by© 

> M{r, /i o f^f'^' by choice of k',d'. 

Thus /i o /2 is log- regular by Lemma I^T^ b). If fi is log-regular but /2 is not, then 

the proof that fi o /2 is log-regular is very similar. □ 



Proof of Theorem \2.4\ Suppose that / is log- regular with constant c, and ai, 02 are 
as in ([TT|) . Choose k > 1 sufficiently large that k'^ > aia2, put d = k'^, k' = aia2k > 
1, and d' — — ^ > 1. Then, for sufficiently large r, 



>A^(r'^^^/) by (HID 

>M{r''\f)'"^ by (HH) 

>Af(r,g)'='^ by (HI]) 

= M(r, g) by choice of k\d'. 

Hence g is log-regular by Lemma [2?2r bV □ 

We now prove several useful corollaries of Theorem 12.41 The first relates to the 
derivatives and integrals of log-regular functions. 

Corollary 2.3. Let f be a transcendental entire function. Then f is log-regular if 
and only if f is log-regular. 

Proof. By integration and ([3]), for sufficiently large r, 

(23) M{r\f) > rM{rJ') + |/(0)| > M{r,f). 

On the other hand, by Cauchy's derivative formula, for sufficiently large r, 

(24) Mir^J) > M(2r, f)/r > M{r, f). 

The result follows by Theorem 12. 4[ with ai = 02 = 2. □ 

The remaining corollaries of Theorem 12.41 are used later to give stability results 
about Aii{f) spiders' webs. While they could be combined, they are stated sepa- 
rately for clarity. The first concerns addition of a function to a log-regular function. 

Corollary 2.4. Let f be a log-regular transcendental entire function, and let h be 
an entire function. Suppose that there exist a € (0,1) and Rq > such that 

(25) aM{r, f) > M{r, h), for r > Rq. 
Then g ~ f + h is log-regular. 

Proof. We observe that 

(26) {l + a)M{r,f)>M{r,g)>{l-a)M{rJ), for r > i?o. 

The result now follows by ([3]), and Theorem 12.41 with ai = 02 = 2. □ 
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Note that, by ([T]) , if /i is a polynomial, then ([25]) is satisfied for any transcendental 
entire function / and any a € (0, 1). 

The second corollary concerns a case where log-regularity is preserved under 
multiplication. 

Corollary 2.5. Let f be a log-regular transcendental entire function. Then g{z) = 
zf{z) is log-regular. 

Proof. By © and for sufficiently large r, M{r^, f) > M{r, ff > M{r,g). Also, 
for sufficiently large r, M{r,g) > M{r, /). The result follows, by Theorem 12 . 41 with 
ai = 1 and 02 = 2. □ 

Our final corollary is quite general. 

Corollary 2.6. Let f be a log-regular transcendental entire function. Let P{w, z) 
be a polynomial of degree at least one in w, and let Q{z) be a polynomial of degree 
at least one. Then g[z) = P{f{Q{z)),z) is log-regular. 

Proof. Suppose that 

P(/(g(z)), z) = af{Q{z))^^z^^ + h{z) = .go(z) + h{z), 

where iVi is the highest power of w in P{w, z) and N2 is the highest power of z 
corresponding to f{Q{z))^^. By Theorem 12. 3[ the function z af{Q{z))^^ is 
log-regular. By CoroUarv l2.5[ 50 is log-regular. Since, by ([1]), we have 

iM(r, go) > M (r, h), for large r, 
the result follows by Corollarv l2.4l □ 

3. Using composition to give functions for which AR{f) is a spider's 

WEB 

In this section we demonstrate that Aj^{g) is a spider's web if .g = /i o /2 o • • • o //,, 
and the entire functions /j, j € {1, 2, . . . , fc}, satisfy certain conditions. We need a 
preparatory lemma before we can state the results. This lemma is a generalisation 
of Lemma 12. 1[ in which condition (a) is relaxed slightly. This condition was also 
used, independently, in [T6] . 

Lemma 3.1. Let f be a transcendental entire function and let R > be such that 
M{r, f)>r for r > R. Then A]i{f) is a spider's web if, for some m > 1, 

(a) there exists Rq > such that, for all r > Rq, there is a simply connected domain 
G = G(r) with 

(27) 5(0, r) C G C 5(0, r™) and \f{z)\ > M{r,f), for z G dG, 
and 

(b) f has regular growth in the sense that there exists a sequence (r„)„>o with 

(28) r„ > M"(i?, /) and M{rn, f) > C+i, for n>0. 

Proof. Let m and Rq be as in (a), and choose (r„)„>o satisfying (j28p with r„ > _Ro 
for n > 0. For each n > 0, let G„ = G(r„). 
First, by 1^ and 

(29) G„ D B(0, r„) D 5(0, A/"(i?, /)), for n > 0, 
and so (G„) satisfies ([5]). 
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Second, by ^ and if z G 9G„ then |/(z)| > Af (r„, /) > C+j. Thus /(G„) 
contains B{0, r^^-^), since / maps points of B(0, M"(i?, /)) into B{0, A-r+^{R, /)) C 
5(0, r^j^i)- Now G„+i is contained in i?(0, r™^]^) and so is contained in a bounded 
component of C\/(9G„). Thus (G„) satisfies ([6]). Hence, by Theorem 12.11 Afi{f) 
is a spider's web. □ 

We note that if P is a non-constant polynomial, then P satisfies Lemma lSTT a) 
for every to > 1, taking G(r) = _B(0,r"), where a € (1,to), and a suitable Rq. 

We now state the main results of this section. The first relates to the composition 
of V'-regular functions, and the second relates to the composition of entire functions, 
one of which is log-regular. 

Theorem 3.1. Let /i,/2,...,/fc be transcendental entire functions which satisfy 
Lemma \3.lV a) for some to > 1. Suppose that, for all j € {l,2,...,fc}, fj is ^j- 
regular, with regularity function V'm for to > 1 . Let g = fi o f2 ° ■ ■ ■ ° fk- Then 
Afilg) is a spider's web, where R > is such that M{r,g) > r for r > R. 

Theorem 3.2. Let /i,/2,...,/fc be entire functions. Suppose that, for all j G 
{l,2,...,fc}, fj satisfies Lemma \S.lY a) for some to > 1. Suppose also that, for 
some j £ {1, 2, . . . , k}, fj is a log-regular transcendental entire function. Let g = 
/i°/2°' ■ 'o/fc- Then Aii{g) is a spider's web, where R > is .such that M{r,g) > r 
for r > R. 

We need one further lemma before we can prove these results. This lemma also 
concerns the composition of entire functions. 

Lemma 3.2. Let fi, f2, ■ ■ ■ , fk be entire functions. Suppose that, for all j G 
{1, 2, . . . , fc}, /j satisfies Lemma lS.lY a) with m — ruj > 1. Let g = fi o f2 ° ■ ■ ■ ° fk- 
Then g satisfies Lemma \3.lV a) with m = toiTO2 . . . to^. 

Proof. It is sufficient to prove the result for k = 2. The result is immediate if /i 
and /2 are both polynomials. Otherwise, let toi and TO2 be as given. Consider 
first the case that /2 is a transcendental entire function. For sufficiently large r, let 
Gi = Gi(r) be a simply connected domain such that 

(30) B{0,M{r,f2)) C Gi C 5(0, M(r, /2)™i), 
and 

(31) |/i(z)| >M(M(r, /2),/i), forzG^Gi. 

For sufficiently large r, let G2 = G2(r) be a simply connected domain such that 

(32) B(0,r"i) C G2 C B(0,r'"i™^), 
and 

(33) \f2{z)\>M{r"'\f2), i0YzedG2. 

If f2{z) e dGi then, by ([30)) . \z\ > r, and so there is a component G3 of f2^{Gi) 
which contains B(0,r). Note that G3 is simply connected, and /2 is a proper map 
of G3 to Gi. 

lize dG2 then, by (pjl and (|3|). 



(34) 



1/2(^)1 > M(r'"S /2) > M(r, /2)'"\ for large r. 
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If z e dGz then, by (pO|) . 1/2(2^)1 < M{r^ f2)'^^ ■ Hence, by the maxhTium principle, 
if z e G3 then |/2(z)| < M(r, /a)™!. Thus dG2 n G3 = 0, by ([Ml), and so B(0, r) C 
G3 C B(0,r"i"^), by (1311). Also, if z e ^Gg then, by 

(35) |(/i o/2)(z)| > M(M(r, /2),/i) > Af(r,/i 0/2). 

Hence /i o /2 satisfies Lemma IS-lT a). with m = mim2. 

Secondly, we consider the case where /2 is a polynomial. Choose m' such that 
to' > mi. For sufhciently large r, let Gi and G3 be the domains from the first 
part of the proof, and let G2 = i3(0, r™ ). Since /2 is a polynomial, for sufficiently 
large r, 

\f2{z)\>M{r,hT\ forzeaG2. 
As in the first part of the proof, dG2 n G3 = 0, and so S(0,r) C G3 C B(0,r"'). 
Also, if z € i9G3 then |(/i o /2)(z)| > M{r,fi o /2). Hence /i o /2 satisfies 
Lemma IS-lT al. with m ^ m' > toi, in particular with m = toiTO2. □ 

In particular it follows from Lemma [3.2l that the property of satisfying Lemma fS.lf a) 
for some m > 1 is preserved under iteration. 

Corollary 3.1. /// is a transcendental entire function that satisfies Lemma \3.lY a) 
for some to > 1, then so is /" for all n € N. 

We are now able to prove Theorems 13.11 and 13.21 

Proof of Theorem \3.1i By Lemma 13.21 g satisfies Lemma 13.1 f a) for some to > 1. 
By Theorem 12.21 g is ■i/'-regular, and so satisfies Lemma [33Ib) for all to > 1. The 
result follows by Lemma [Ol □ 

Proof of Theorem \3.2\ As in the proof of Theorem 13.11 g satisfies Lemma lSTlT a) for 
some m > 1. By Theorem 12.31 9 is log-regular, and so satisfies Lemma [3.1f b) for 
all to > 1. The result follows by Lemma IXTl □ 

Rippon and Stallard 18 show that there are examples of 7/;-regular functions 
that are not log-regular. Some of these examples have order less than i, and so 
satisfy Lemma [3. If a) for some m > 1; see Lemma [5.21 This shows that there are 
situations in which Theorem 13.11 can be applied, but not Theorem 13.21 

Finally, we note that the conditions of Theorem 13. 21 are satisfied by many of the 
examples in [191 Section 8] , and all the examples in this paper (see Sections [5l and 

El). 

4. Stability of Aj^{f) spiders' webs 

Many known dynamical properties of a transcendental entire function / are 
unstable under relatively small changes in /. For example, the functions /i(z) = 
exp(— z), /2(z) = fi{z) + z + 2-Ki — l and /3(z) = /i(z) -|-z-|- 1 all have very different 
Fatou sets (see, for example, [6l Section 4]). In this section we prove results which 
show that, in certain circumstances, ^fi(/) spiders' webs can be very stable. The 
first result concerns composition with polynomials. 

Theorem 4.1. Suppose that f is a log-regular transcendental entire function which 
satisfies Lemma \3.lY a) for some to > 1. Let P{w,z) he a polynomial of degree at 
least one in w, and let Q{z) he a polynomial of degree at least one. 

Let g{z) — P(f(Q{z)),z). Then Api^g) is a spider's weh, where R > is such 
that M (r, g) > r for r > R. 
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Proof. By Corollarv l2.61 g is log-regular and so satisfies Lemma lSTT b) for all m > 1. 
Hence we need only prove that g satisfies Lemma l3.1 f a) for some to > 1. 
As in the proof of Corollary I2.6[ let 

g(z) = a/(Q(z))^^z^^ + --. , 

where Ni is the highest power of w in P{w,z), and N2 is the highest power of z 
corresponding to f{Q{z))^^. By Lemma l3^ f °Q satisfies Lemma l3TT a). Hence, 
there is an m > 1 such that, for sufficiently large r, there is a simply connected 
domain G = G{r) with B(0, r'") C G C B(0, r'"') and 

(36) |/(g(z))| >M(r"\/og), forze^G. 
Hence, when z S dG, for sufRciently large r, 

\g{z)\ > i|a|M(r",/oQ)^ir^^ by ^ and 

> 2|a|M(r, / o Q)^V^= by © 

>M(r,g) by©. 

Thus g satisfies Lemma |3. If a) with m replaced by rn?, so the proof is complete. □ 

The second result concerns addition of an entire function to a transcendental 
entire function with an Aif {f) spider's web. 

Theorem 4.2. Suppose that f is a log-regular transcendental entire function which 
satisfies Lemma \3.lY a) for some m > 1, and that h is an entire function. Suppose 
also that there exist a G (0, 1) and Rq > such that 

(37) aM(r, /) > A/(r™, /i), for r > Ro. 

Let g ~ f + h. Then Aii{g) is a spider's web, where R > is such that M{r,g) > r 
for r > R. 

Proof. First we note that, for sufficiently large r, aM{r,f) > M{r,h). Hence, by 
Corollary 12. 4( g is log-regular and so satisfies Lemma [OJb) for all to > 1. Thus, 
by Lemma |3. 11 it remains to prove that g satisfies Lemma |3. If a) for some m > 1. 

By hypothesis, for sufRciently large r, there is a simply connected domain G = 
G(r) with 5(0, r") C G C B(0,r"') and 

(38) |/(z)|> Af(r'",/), forze9G. 
Thus, when z £ dG, for sufficiently large r, 

\g{z)\>\fiz)\~\hiz)\ 

> (1 - a)M(r'", /) by ISZD, and ^ 

> (1 + a)M(r, /) by © 
>M{r,g) 

Hence g satisfies Lemma |3. If a) with m replaced by to^, so the proof is complete. 
□ 



Remark. Using the same method of proof it can be shown that in Theorem 14. 21 the 
function h can also be of the form h{z) = f{z)/{z — c), where /(c) — 0. 
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Finally, we note that the conditions on / in Theorems 14.11 and 14.21 are satisfied 
by many of the examples in (19| Section 8], and all the examples in this paper. It 
can be shown that these conditions are also satisfied by the functions in [16] . So 
we can produce new functions for which Aii(f) is a spider's web by taking these 
known examples and applying Theorems 14.11 and 14.21 



5. Functions of finite order for which Afi{f) is a spider's web 

In this section we develop a technique which enables us to take a transcendental 
entire function of finite order, modify its power series, and produce a class of tran- 
scendental entire functions of finite order for which AR{f) is a spider's web. From 
the exponential function we obtain a class of such functions (Example [T]) which 
contains the function 

1 1 1 °° z" 

(39) /(z) = -(cos + cosh 0') 



2^ ^ ^ (4^)1 

n=0 ^ ' 

given in [19l Section 8], together with the related functions 

(40) /(^) = E7^' P'^eN, p/q<^, 

suggested by Halburd and also mentioned in !l9j Section 8]. We obtain another 
class (Example [3|) from the error function (see [1, p. 297]) 

9 °° f"— IV 

(41) erf(z) = , ^ z^"+i. 

We define the order p(/) and lower order A(/) of a transcendental entire func- 
tion / by 

(42) p(/)=limsupi^^il^^ii^ and A(/) ^ liminf ^"^^^g^^^^^' 

■r^oo logr 1--J-00 logr 

We note from, for example, [15] that if J{z) = X]^o ^nz"' , then 

, , , r\ T nlogn 

(43) p(/)=limsup 

n— ^oo I 

and 

(44) A(/) = maxliminf I^Zil^i!!^. 

We use the following three lemmas, all discussed in [19, Corollary 8.3 and the 
following remarks]. The first is from 14, p. 205], and gives a sufficient condition for 
a transcendental entire function to be log-regular. 

Lemma 5.1. // / is a transcendental entire Junction oj finite order and positive 
lower order, then f is log-regular. 

The second is from, for example, f3l Satz 1]. 

Lemma 5.2. If f is a transcendental entire function of order less than then f 
satisfies Lemma \2. lY a) for some m > 1. 

The third follows from Lemma 15.11 Lemma 15.21 and Lemma 12.11 
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Lemma 5.3. If f is a transcendental entire function of order less than ^ and posi- 
tive lower order, then Aji{f) is a spider's web, where R > is such that M{r, f) > r 
for r > R. 

We use the following operator to produce classes of functions which satisfy the 
conditions of Lemma [ 



Definition. For n, m G N, let be defined by 

(45) r^(/(z)) = -^/(e^z^), 

where / is an entire function, and we choose a consistent branch of the mth root 
for each term in the sum. 

If / is a transcendental entire function, then the Til operator extracts from the 
power series of / only those terms with exponents which are multiples of to, and 
these exponents are multiplied by n/m (see (|^ below). For example, if f{z) — e^, 
then 

T|(./(.)) = l + ^ + ^ + ---. 

We note in passing that the Tjl operator has some appealing properties; for exam- 
ple, Ti oTi = r_L and also (/(z™)) = /(z"). 

The following result concerns a key property of this operator, namely its effect 
on the order of a function. 

Theorem 5.1. /// is a transcendental entire function of order p{f) andn, to G N, 
then Tj2.{f) is a well-defined entire function of order at most ■^p{f ). 

Proof. First, we consider the action of Tjl on the power series f{z) = X^z^o"'-^'- 
Since we have a consistent choice of the TOth root, the sum of the complex roots of 
unity is zero, and with p = //to, we obtain 

m oo oo m ^ oo 



-j^ lit L^J lit -j^ ^ ^ 

(46) T^{f{z)) = — V Va/e^z- = Vajz™ V — = Vu-pm^ 

™ TO — ' ^ — ' ^ — ' ^ — ' TO ^ — ' 

k=l 1=0 1=0 k=l p=0 

Hence the value of T_s_ (/) is independent of the choice of the TOth root, and this 
power series has infinite radius of convergence. 
We deduce from (|43p . with k = pm, that 

P(Tjl (/)) = hmsup ■ — Y 

p^oo IOg|apm| 

(kn/m)\oe(kn/m) 
< lim sup — , \ ' — - 

fc^oo log|afe| ^ 

n k log k 

= — lim sup ■ 



TO fc_^oo loglflfcl 1 



n 



-Pif), 

TO 

as required. □ 

We now seek to use this operator, together with Lemma [5.31 to generate tran- 
scendental entire functions for which Aji{f) is a spider's web. It is possible for 
the function Til (/) to be simply a polynomial when / is a transcendental entire 
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function. For example, if f{z) ~ zexp(z^) then Ti(/(z)) = 0, because the power 
series of / has only odd powers of z which are eliminated by the Ti operator. 

Even if Tji. (/) is transcendental, T^l (/) may not have positive lower order when 
/ does. For example, if is a transcendental entire function of order less than 1 
and lower order zero, then f{z) = g{z^) + zexp{z'^) has both order and lower order 
2, but Ti[f[z)) = Ti{g{z'^)) = g{z) has order less than 1 and lower order zero, 
reasoning as in the previous paragraph. 

The following lemma gives two sufficient conditions for Tji. (/) to have positive 
lower order. 

Lemma 5.4. Let f{z) = '^'^o^ipZ^ be a transcendental entire function, and let 
n, TO € N. 

(a) If 

(47) liminf , ^ > 0, 

P^oc log I ap,„ I ^ 

then (/) has positive lower order. 

(b) IfTiL{f) has positive lower order, and g{z) ~ X^^o ^p-^^ transcendental 
entire function with \bp\ > \ap\ for p sufficiently large, then Tn^^g) has positive 
lower order. 

Proof. For part (a) we note, by (l46l) and with rip = np in p4|) . that 

X(TjB.(f)) > liminf — — ^"^ — = nliminf - — — — > 0. 

p^oo log\apmr^ P^°° log|ap,„|--^ 

Part (b) follows immediately from (H^ . □ 

We now give some explicit examples of classes of functions for which is a 

spider's web. The first example includes ((39|) as a special case. 



Example 1. Let f ~ Tji. (g), where g{z) = exp(z) and where m > 2n. Then An^f) 
is a spider's web, where R > is such that M{r, f) > r for r > R. 



Proof. The exponential function has order 1, and satisfies (1471) for all to > 1. Thus 
/ has order less than ^ by Theorem I5.1[ and the result follows by Lemma [5.4f a) 
and Lemma 15.31 □ 



The second example illustrates the use of both parts of Lemma 15.41 This result 
can also be justified by the results of Sections |3] and ID 

Example 2. Let f — TiL{g), where g{z) — zexp(0^) + exp(z), to > 4n and m 
is odd. Then Aji{f) is a spider's web, where R > is such that M{r,f) > r for 
r>R. 

Proof. The function z i— zexp{z'^) has order 2, and satisfies (|47p when to is odd. 
Thus / has order less than ^ by Theorem 1 5. 11 and the result follows by Lemma [531 
and Lemmal5.3l □ 



The technique of this section can be applied any transcendental entire function 
of finite order, provided its power series satisfies (|47l) for some to S N. We illustrate 
this with the error function. 

Example 3. Let f = TiL^g), where g{z) = erf{z), m > An and to is odd. Then 
^nif) is a spider's web, where R > is such that M(r, f) > r for r > R. 
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Proof. By (|4T|) and (|43|) . g has order 2, and satisfies (j47| when m is odd. Thus / 
has order less than ^ by Theorem 1 5. 1[ and the result follows by Lemma [5^ a) and 
Lemma 15.31 □ 

Our final example combines earlier results to give an unexpectedly simple func- 
tion with an Afi{f) spider's web. 

Example 4. Let f{z) — cosz + coshz. Then Aii{f) is a spider's web, where R> 
is such that M{r, f) > r for r > R. 

Proof. This follows from Theorem 13.21 and the function in (|39p . □ 

Our goal in this section has been to produce a class of log-regular transcendental 
entire functions of order less than which, by Lemmas 15.21 and | 2 . 11 have an Aji{f) 
spider's web. Finally, we show that this class can be extended by differentiation or 
integration, thus giving a further method of constructing Afi(f) spiders' webs. 

Theorem 5.2. Let f be a log-regular transcendental entire function of order less 
than i, and let g be the derivative of f or an integral of f. Then Au{g) is a spider's 
web, where R > is such that M{r,g) > r for r > R. 

Proof. Since g has the same order as /, and is log- regular by Corollary I2.3[ the 
result follows by Lemmas 15.21 and 12.11 □ 

6. A FUNCTION OF INFINITE ORDER WITH GAPS FOR WHICH IS A 

spider's WEB 

We recall that a transcendental entire function / has Fabry gaps if 

oo 

/(z) = J2 "^^"^ 

and rife /fc—>oo as fc—>oo. By a result of Fuchs [11], an entire function / of finite 
order with Fabry gaps satisfies Lemma f2.ir a) for m > 1. This fact was used by 
Wang in [22l Theorem 1] to describe a class of entire functions with no unbounded 
Fatou components. Thus if / is also log- regular then, by Lemma [2.11 Aii{f) is a 
spider's web. (As noted earlier, a log-regular transcendental entire function satisfies 
Lemma [2.ir b) for all to > 1.) This fact was pointed out by Rippon and Stallard 
[l9l Theorem 1.9(d)], who gave an example of such a function [191 Example 1], 
shown to be log-regular by using Lemma 15.11 

It was also pointed out in [35] and in [THl Section 8] that, by a result of Hayman 
[T^ . Lemma [OT a) holds in the case of certain functions of infinite order with gaps: 

Lemma 6.1. Let f{z) = X]fc!Li o.kz"'' be a transcendental entire function where, 
for some a > 2, 

(48) rife > fc log fc(log log fc)", for large k. 

Then f satisfies Lemma \2.lY a) for to > 1. 

Wang [351 Theorem 2] used this result to show that if / satisfies and has a 
property equivalent to log-regularity, then / has no unbounded Fatou components. 

Suppose that g 'is a transcendental entire function of infinite order generated by 
omitting terms from the power series of another transcendental entire function, / 
say, and g satisfies (|48l) . If g is also log- regular, then Anig) is a spider's web, by 
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Lemma \2A\ If / has infinite order, then it does not seem straightforward to check 
that such a function g is log-regular. In this section we demonstrate a method for 
achieving this, and then give an explicit example of such a function. 
We start with a general result. 

Theorem 6.1. Suppose that f(z) — X^^o'^"'^" ^ log-regular transcendental 
entire function and there exists Nq G N such that 

(49) 0<a„+i<a„, forn>No. 
Suppose also that g is a transcendental entire function with 

oo 

(50) 5W = ^a„,z"\ 

fc=i 

where, for some M > 1 and a > 2, 

(51) 1 < < M, for large fc, 
and 

(52) Uk > fc log fc(log log fc)", for large fc. 

Then g is log-regular and Aii{g) is a spider's web, where R > is such that 
M{r,g) > r for r > R. 

Proof. By Lemma \QA\ g satisfies Lemma lOT a') for m > 1. To complete the proof, 
we use Theorem 12.41 to show that g is log- regular. 

Without loss of generality, by adding a polynomial, we can assume by Corol- 
lary [2]6] that A^'o = and ((5T|) holds for fc > 1. Because a„ > for n > 0, 

Mir, f) = fir) > gir) - M(r, g), for r > 0. 

Thus it remains to show that there exist a > 1 and Ra > such that 

(53) Mir'',g)>Mir,f), for r > i?o. 
Choose a' > 1 and K > 1 sufficiently large such that 

(54) !!^±i < 1(1 + a') < a', and K"-" > Uk+i - nk, for fc > 1. 

Uk 2 

Now let /i = i(a' — 1) > 0, and define 

oo 

(55) M(r"',5) = ^Afc, Ak^a^y"", 

k=l 

^Til~l OO 

(56) M(r,/)= ar,r-" + ^Bfc, B,. = a„,r"'= + • • • + a„,^,_ir"'=+i-\ 

n=0 k=l 

Because the a„ are decreasing, 

(57) Bk < iuk+i - Uk) an,r">'+\ for r > 1 and fc > 1. 
Thus, if r > max{l,i^M}, then, by dSH) and (IM)) . 

(58) Bk < K+i - nfe)r"''+i-'^'"Mfe < if"'=r-"'=''Afe < Ak, for fc > L 



ENTIRE FUNCTIONS WITH SPIDERS' WEBS 



17 



Thus, by (155j) and §6^, 

(59) Af(r°',5) > M(r,/) - ^ a„r", for r > niax{l, }. 

Finally, for any a > a' we can choose r sufficiently large such that 

(60) M(r^.9) > 2Af(r''',5) by© 

(61) > 2M{r, f)-2 by ^ 

n=0 

(62) >M{rJ) by©. 

This proves as required. □ 

In the rest of this section we construct an explicit example of a transcendental 
entire function / of infinite order, defined by a gap series, for which A]i{f) is a 
spider's web. First we need a simple result about functions of infinite order. 

Lemma 6.2. Let f and g be transcendental entire functions, and suppose that f 
has infinite order. If there exist a, Rq > such that 

M{r%g)>MirJ), for r > Ro, 

then g has infinite order. 

Proof By dH]), 

loglogAf(r^g) ^ 1 log log M(r, /) 1 
P[9) = hmsup > - hmsup = -PU), 

r~¥oc lOgr" a r^oo log T a 

and the result follows. □ 

The next lemma is needed in the construction of our example. 

Lemma 6.3. Let g{z) = X^J^Lo '^nz"' be a transcendental entire function, with 
a„ e M for n > 0, ai < 1, and 

(63) < (n + l)a„+i < na„, for n > 1. 

Then f{z) = exp(5(z)) has power series f{z) ~ J2'i^=o^riz" , where 

(64) < bn+i < bn, for n > 1. 

Proof. Clearly 6„ > for n > 0. Since f'{z) — g'{z)f{z) we have 



n=0 k=0 1=0 

Equating powers of z gives 



(66) (n + l)6„+i ^(n + 1 - /)a„+i_;6i, for n > 0. 



1=0 
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Hence, for n > 1, 

n-l 

(67) (n + l)5„+i = ^(n + 1 - /)a„+i_/6i + aib„ 



1=0 
n-l 



(68) < ^(n — l)an-ihi + 6„, by ([M]) and as ai < 1 

(69) =nbn + bn, by dMl), 
which proves that ([M)) holds. □ 

Finally, as promised, we give our explicit example. 
Theorem 6.2. Lei 



oo oo 

n=0 n=0 



f{z) = exp(e'^ ~ 1) = XI ""'^ = X] 



r/ien g is a log-regular transcendental entire function of infinite order, and Aii(g) 
is a spider's web, where R > is such that M{r,g) > r for r > R. 

Proof. We can see that / is log-regular because (j){t) — log M (e*, /) = (e'^* — 1) and 

(j)'(t) , 2 

Conditions (|5T|) and (|52|) are satisfied, and the coefficients 6„ are decreasing 
because the function z e^ — 1 satisfies the conditions of Lemma [6.31 Hence, by 
Theorem 16. fl g is log-regular and Afi{g) is a spider's web. 

Finally, / has infinite order. We see from the proof of Theorem 16. f I that / and 
g satisfy ([53]). Hence, by Lemma [6^ g has infinite order. □ 



Clearly this approach can be used with the function / of Theorem 16.21 to give a 
class of functions with Afi{f) spiders' webs, by suitably selecting terms from the 
power series of /. We can also use Lemma |631 to find other transcendental entire 
functions which can be manipulated in this way to give further classes of examples. 

Remark. We note in passing that, in Theorem 16.21 6„ — Bn/nl, where (-B„) are the 
Bell numbers (see, for example, fF|). Thus, by ([M]). we have 

Bn+i < ("■ + 1)-S„, for n> 1. 

In fact the more precise estimates 

2Bn < Bn+i < (n + l)Bn, for n>2, 

hold (see [H Corollary 8]). These can be deduced in a straightforward way from 
the identity 

(70) Bn+i=J2 (l) for n > 0, 



k=0 

which follows from (1661) . 
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7. Transcendental entire functions with no unbounded Fatou 

components 

Baker [i] posed the question of whether the Fatou set of a transcendental entire 
function of sufhciently smaU growth can have any unbounded components; see 
the survey article on this question by Hinkkanen [14!. By [19, Theorem 1.5(b)], 
when is a spider's web, F{f) has no unbounded components. Hence all 

the examples in this paper have no unbounded Fatou components. In this section 
we give two results on functions with no unbounded Fatou components, which 
generalise existing results of this type. 

Our first class of functions with no unbounded Fatou components consists of 
functions formed by composition of V'-regular functions. 

Theorem 7.1. Let /i,/2,---,/fc be transcendental entire functions which satisfy 
Lemma \ 3.lY a) for some m > 1. Suppose that, for all j £ {l,2,...,fc}, fj is ip- 
regular, with regularity function iprn for m > 1. Let g — fi o f2 ° ■ ■ ■ ° fk- Then 
every component of F{g) is bounded. 

Proof. By Theorem 13.11 Aii{g) is a spider's web, and the result follows by [T9l 
Theorem 1.5(b)]. □ 

To compare Theorem l7.1l to previous results, we need the following lemma, part of 
PUI Theorem 6] . This gives a sufficient condition for a transcendental entire function 
to be V'-regular. We note that although, for other reasons, the full statement of 
pOl Theorem 6] supposes order less than i , finite order is sufficient for the proof of 
this part of the result. 

Lemma 7.1. Let f be a transcendental entire function of finite order. Suppose 
that there exist n £ N and q G (0, 1) such that 

(71) Af(r, /) > exp"+i((log" r)«), for large r. 
Then f is ip-regular with regularity function given, for all m > 1, by 

ij^mir) — exp"((log r)^), where pq > 1. 

The next result now follows from Lemma 17.11 and Theorem 17.11 

Corollary 7.1. Let /i, /2, • • ■ , A- be transcendental entire functions of finite order 
which satisfy Lemma \3.1]f a) for some m > 1. Suppose that there exist n G N and 
q G (0, 1) such that, for all j G {1, 2, . . . , k}, 

(72) M{r, fj) > exp"+i((log" r)«), for large r. 

Let 5 = /i o /2 o • • • o /j,. Then every component of F{g) is bounded. 

Rippon and Stallard, in [20l Theorem 6], showed that if / is a transcendental 
entire function of order less than i, which satisfies (l7lT) for some n G N and q € 
(0, 1), then / has no unbounded Fatou components. By Lemma IF?^ this is included 
in Corollarv l7.11 with k = 1. 

Corollary 17.11 with n = 1, includes a result of Singh in (21] Theorem 1]. (We 
note that the statement of jj!] Theorem 1] omits the requirement of finite order, 
but this was assumed in the proof of [211 Lemma 1].) 

Our second class of functions with no unbounded Fatou components consists of 
functions formed by composition of entire functions, one of which is log-regular. 
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Theorem 7.2. Let /i,/2,...,/fe be entire functions. Suppose that, for all j G 
{1,2, ... ,k}, fj satisfies Lemma \3.lY a) for some m > 1. Suppose also that, for 
some j S {1, 2, . . . , fc}, fj is a log-regular transcendental entire function. Let g — 
/i o /2 o • • • o /j.. Then every component of F{g) is bounded. 

Proof. By Theorem 13. 2[ Aii{g) is a spider's web, and the result fohows by [TH 
Theorem 1.5(b)]. □ 

As noted in Section [31 this result differs from Theorem 17.11 in that only one 
function in the composition needs to satisfy the regularity condition and be tran- 
scendental. 

The final result follows from Theorem 1 7 . 2 1 and Lemma [5.21 



Corollary 7.2. Let fi, f2, ■ ■ ■ , fk be transcendental entire functions of order less 
than i. Suppose that, for some j G {1, 2, . . . , k} , fj is log-regular. Let g = fi o 
f2 ° ■ ■ ■ ° fk- Then every component of F{g) is bounded. 

This corollary generalises a result of Anderson and Hinkkanen in [2, Theorem 
2], which states that if a log-regular function has order less than i, then it has 
no unbounded Fatou components. Anderson and Hinkkanen's result is included in 
CoroharylLlwith k ^ I. 

Cao and Wang 9 developed a similar result to Corollarv l7.21 concerning compo- 
sition of transcendental entire functions. They showed that ii g — fi o f2 ° ■ ■ ■ ° fk, 
where fi,f2,...,fk are transcendental entire functions of order less than ^ , at least 
one of which has positive lower order, then g has no unbounded Fatou components. 
By Lemma [5. 11 Cao and Wang's result is included in CoroUarv 17.21 We note that 
it is possible to construct a class of log-regular functions of lower order zero and 
any given finite order, in particular order less than i. This shows that there are 
situations in which Corollary 17.21 can be applied but not the result of . 
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